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Abstract 
The asymmetric radial crack patterns that occur in brittle targets when impacted by high velocity projectiles are explained using a 
Phenomenological Mechanochemistry of Damage (PMD) engineering model. The developed model, which constitutes a simplification of 
the generalized PMD framework, reveals an energy instability during failure of brittle materials configured in a purely symmetric 
geometry and impact configuration. The underlying cause of the instability is due to the competition between stored elastic energy and the 
energy associated with new surface creation through broken chemical bonds. The instability manifests itself in the form of asymmetric 
radial cracking in the brittle target. The model is built upon the general PMD framework and assumes the target material is sufficiently 
brittle that strains are small and linear elasticity is applicable. Furthermore, the impact geometry is assumed to be purely symmetric, 
which leads to a reduction of the geometry to a one-dimensional radial configuration.  The model is not restricted to any ballistic impact 
speed regime, provided the target material remains in the solid phase. 
© 2015 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Hypervelocity Impact Society. 
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Nomenclature 
x,t spatial coordinate and time 
u displacement and its special gradient 
ux=H  strain measure 
N  damage parameter 
O elastic modulus 
D rate of modulus O decay with growing damage N 
e internal energy density 
b energy density of chemical bonds 
* non-dimensional parameter (ratio of the elastic and chemical specific energies) 
K growth-rate parameter of kinetics 
1. Introduction 
High velocity projectile impact with brittle materials often results in radial cracks emanating from the point of contact in the 
brittle material. This is most notable when a bullet impacts a flat panel of ceramic or glass at normal incidence such as 
shown in fig. 1. 
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Fig.1. Shotline view of radial cracks in a ceramic plate resulting from impact with a high speed bullet.  Note that gray zone at smaller radius represents 
zone of highly comminuted target material. 
 
The crack pattern that forms from impacts with highly symmetric bullet-target geometries and impact kinematics is 
rarely, if ever, axisymmetric. This observation extends to numerical simulations of impact.  Examining fig. 1, the formation 
of cracks propagating in the radial direction break the axisymmetric damage pattern despite the axisymmetric configuration.  
Purely axisymmetric damage would appear as concentric rings of varying degrees of damage centered about the impact 
point of the brittle target. This paradox of lack of axisymmetric failure can be explained in different ways. These 
explanations are typically based upon non-homogeneous material properties, geometry irregularities, or microstructural 
flaws distributed in the material. Computational rounding errors can lead to lack of axisymmetric cracking for numerical 
simulations. There is, however, another explanation based on an instability of the mechanical processes occurring during 
impact. This instability is embodied in the notion we call Phenomenological Mechanochemistry of Damage (PMD) and is 
explained using energy principles that examine the competition between accumulated elastic energy and the energy 
associated with new surface creation (crack formation) for a deformed body. Furthermore, the energy associated with new 
surface creation is related to the breaking of chemical bonds in the solid, hence the term “mechanochemistry.” 
A generalized framework for PMD was presented by Grinfeld [1]. In this paper, the general PMD framework is 
specialized for a one-dimensional analysis to show the instability in mechanics that leads to loss of symmetric cracking for 
purely symmetric configurations. The work that follows considers cracking to manifest itself according to continuum 
damage theory, i.e., degradation of material properties. The model is developed with three key simplifying assumptions: (i) 
strains are small and linear elasticity is applicable, (ii) the internal energy is the sum of the elastic and chemical energies, 
and (iii) the problem domain is one-dimensional (purely axial).  No limitation exists for impact speed other than the target 
material must remain in the solid phase. 
2. Main physics/engineering ideas 
We explain our central idea by considering a simple 1-D configuration shown in fig 2.  For the sake of brevity, we call 
the 1-D object in fig. 2 a damageable elastic rod. Since the model is 1-D, stretching of the rod can only occur along its 
length. A material coordinate system is employed (also known as a reference or Lagrangian coordinate system) where the 
axial location parameter x  varies from 0  to L  regardless of the degree of deformation along the x  -direction (i.e., x  
defines the initial coordinate of a given material point).   
 
Fig. 2. One-dimensional damageable elastic rod. 
 
The displacements u are assigned at its end-points 0,x L : 
                               
0
0, ,rx x Lu u U         (1) 
We assume that the rod accumulates the elastic energy given by the formula 
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  2
0 0 2
L L
E dxe dx O H{  ³ ³el el  (2) 
where  ele x  is the elastic energy density (energy per unit rod-length in 1-D) at location x in the rod, /xu u xH { { w w  is the 
elastic strain and λ is the elastic modulus. Thus, we deal with the simplest model of the geometrically and elastically linear 
elasticity. 
When modelling a pure monocrystal the elastic moduli are constants. Following the analogy, we assume that the rod's 
modulus O  in the undamaged uniform state is a constant throughout the whole body, so int constO O  . However, when a 
fraction N of the chemical bonds in the crystal are damaged, then, the effective elastic modulus O changes. Thus, it 
becomes a function of N :  O O N . We make the simplest natural assumption that the elastic modulus decreases when 
the fraction of the damaged bonds increases: / 0d dO N  .  
In the simplest case, we assume    int 1O N O DN  , where the positive constant intO  is the intact elastic modulus and 
the positive constant D  describes the rate of the modulus decay with the growing damage parameter N . Of course, the 
inequality 1N d is required for dealing with physically reasonable model. 
The parameter  D  plays quite a significant role. If 1D  , then, the rod preserves some elasticity even in fully damaged 
(comminuted) state.  If  1D ! , then, the instant elastic modulus vanishes at el 1/N D{ . 
The damageN  should not necessarily be distributed uniformly throughout the rod and over time. Thus, generally 
speaking,  ,x tN N . By definition, the total accumulated elastic energy of the damaged rod is postulated to be equal to: 
        2 2intel
0 0
1
2 2
L L
E dx dx OO H DN H  ³ ³      (3) 
It is postulated, in accordance with engineering intuition, that a positive work should be done in order to generate 
damage at fixed deformation H . It postulated further that this work is accumulated in the rod in the form of the chemical 
energy density 
be , i.e., the energy of broken chemical bonds. Thus, damaging entails growth of the total chemical energy 
chemE . We accept the following simplest model for the total chemical energy: 
         chem
0
L
bE dxe xN ³            (4) 
Per our discussion the  be N  should be a growing function of the damage N  because the extra damage requires extra 
work be done on the body. There are different candidates for the function  be N . The easiest way would be to choose the 
linear function   ~be N N . The general thermodynamic inequalities for damageable substances (Grinfeld [1-3]) would 
imply that the damageable substance with such a chemical energy function will always be unstable. It is definitely not what 
we want: we want the substance which is stable, at least, in the unloaded intact state. The simplest option that is sufficient 
for the purposes of the paper would be the quadratic function   2 / 2be bN N with the coefficient b greater than zero. Such a 
damageable material will be stable, at least, in the intact unloaded state. 
At last, we assume that the total internal energy 
totE  is the sum of the elastic and chemical energies: tot el chem .E E E   
Also, we have to add the energy extE  associated with the work done by the loading device. For instance, in the case of the 
dead loading at lx x , the externally generated work is given by the formula ext e eE p U , 
where ep  is the applied dead force. In the case of fixed displacement at the ends, no external work should be taken into 
account. 
Summarizing, the total (static) energy of the damageable rod is given by the formula: 
  tot el chem tot
0
( , )
L
E E E dxe H N   ³      (5)  
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where      2 2tot int, 1 / 2 / 2be b eH N O DN H N N   . In the following, we call this formula of tote the ePMD model.  Fig. 3 
shows the function  tot ,H H N  for two different values of the damage parameter. 
The last relationship can be rewritten in the following non-dimensional form:     2tot , 1 / 2e H N DN H)  {   2 / 2N* , 
where we introduced the following non-dimensional parameters: tot int int/ , /e bO O)  *  .   
 
Figure 3 shows schematically the function  tot ,H H N for two different values of the damage parameter (Grinfeld and Wright [4]). 
We accept the metaphysical principle that the system behaviour is dictated by the total energy minimization (it is not 
necessarily so. For instance, the Newtonian dynamics does not obey this principle. That is why we call this principle 
metaphysical.) 
    So, the main conflict in our mechanochemical approach is the competition between the elastic and chemical 
ingredients of the total energy: the elastic energy decreases and the chemical energy increases when the damage parameter 
increases. When the external mechanical loading is small there is no considerable driving force for the damage to grow -- 
the chemical stabilization prevails. When the mechanical loading is big, there is a lot of accumulated elastic energy, and 
chemical bond breaking becomes energetically favorable.  Roughly speaking, the conflict is exactly the same as in the 
classical failure paradigm of Griffith [5]. In this context it is worthwhile to remind the reader that the theory of Griffith was 
bitterly criticized by the Soviet physicist Ya.I. Frenkel [6].  Frenkel's criticism was remarkably constructive -- he suggested 
an alternative model of macroscopic cracks. But the very approach of Griffith, based on the energy balance, has survived 
and was, then, developed further in many publications Borsum [7]. 
Roughly speaking, Frenkel started to model chemical bonds by means of using metaphorically classical macroscopic 
objects--1-D springs. The PMD theory approach is quite different in this respect. In the spirit of classical thermodynamics 
theory it treats the chemical bonds as "black boxes" substituting the real physical objects with the properly chosen 
ingredients in the total energies. It is something that makes the PMD theory much simpler theoretically, but less transparent 
for the engineering intuition. 
The general PMD inequalities Grinfeld [1-3] 
 
2 2 2 2 2 2
2 2
, , , , , ,
0, 0, 0i k j k i k j k
i j k l i j k l i j k l
e e e e e el l n n l l n n
u u u u u uN N N N
§ ·w w w w w wt  t t¨ ¸¨ ¸w w w w w w w w w w© ¹
  (6) 
which are valid for arbitrary real vectors ,i il n , when applied to the engineering PMD model, read as 
   
2 2 2 2 2 2
2 2 2 20, 0, 0
e e e e e e
H N H H N H N N
w w w w w wt  t tw w w w w w w w     (7) 
For the ePMD model Eq. (5), we can rewrite Eq. (7) as follows 
         2 2 2int int int1 0, 1 0, 0b bDN O DN O O D H t   t t     (8) 
The first and the second inequalities do not give us anything unexpected. The last inequality says that positive work 
should be required for breaking the chemical bonds. The first inequality says that the "current" value of the elastic modulus   int1curO DN O{   should be positive. For 1D  the first inequality is satisfied automatically within the physically 
meaningful range 0 1N  . For 1D ! , we arrive at the expected conclusion that equilibrium configuration can be stable 
only with the range 0 1/N D  .  The middle of the inequalities (8) is the key inequality in the engineering PMD theory 
which will be discussed below. It can be rewritten in the following non-dimensional form   2 21 0DN D H*   t . 
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3. Why do we call our damage model mechanochemical? 
In our analysis no chemical reactions whatsoever are taken into account. Why, then, do we call our model 
mechanochemical? There are two main reasons for that. Briefly, we i) use the concept of the chemical bonds as our first key 
notion and ii) we use the concept of chemical potential of the bonds as our second key notion. 
We use the term “chemical bonds” as our primary notion. Our second key notion is the notion of the chemical potential 
 ,F H N  defined as follows 
              tot ,, e H NF H N N
w{ w       (9) 
Per Eq. (9), the meaning of the chemical potential χ is straightforward. It is just a measure of the energy density change 
caused by the growth of fracture of damaged bonds. If our elementary defect is a microcrack, then the damaging stops when 
the chemical potential F  vanishes 
          tot ,, 0e H NF H N N
w{  w      (10) 
If our elementary defect would be a vacancy and the total amount of vacancies remain fixed, then, instead of 0 in the 
right hand side of Eq. (10) we would have just a constant 0F . The constant 0F  would be possible to find knowing the total 
amount of the (generalized) vacancies in the body. 
In many (but not in all) respects, the chemical potential F  is similar to the absolute temperature of the system. At 
equilibrium, the temperature should be constant throught the whole body. We are reminded that in the equilibrium state, the 
absolute temperature should be constant throughout the whole body even if  the deformation and stresses are not. 
4. Kinetics of damaging process 
Establishing a uniform equilibrium temperature across the whole specimen requires a certain amount of time. The 
characteristic time-interval depends on the rate of the heat diffusion. Typically, this diffusion-determined time interval is 
considerably bigger than the amount of time required for establishing mechanical equilibrium in the system (the latter time-
scale is defined by the speed of propagation of sound waves.) 
The situation with defect proliferation is very similar to temperature uniformization. The rate of change of the spatial 
distribution of the damage parameter  ,x tN  is also kinetics-controlled process. The simplest dynamic equation of this type 
would be the following one: 
             tot,x t eK
t
N
N
w w w w        (11) 
where K is a positive kinetics function. In the beginning stage of the PMD development, it makes sense to make the simplest 
assumption that K is constant. There is one important exception from this assumption. The function K is responsible for the 
rate of two opposite processes: the damage development and the damage recovery. The latter process is usually much 
slower than the former one. Therefore, it makes sense to use, when necessary, the following straightforward generalization: 
       
   
   
tot
dam
tot
rec
, ,
if 0,
, ,
if 0
e x t
Kx t t
t e x t
K
t
H N N
N N
H N N
N
w w­ !°w ° w w ®w w w°  ° w w¯
    (12) 
where 
damK and recK  are different constants. 
When the constant K  vanishes (infinitely slow kinetics) the damage parameter N  remains unchanged. When the 
constant K  is infinite, then, according to Eq. (11) the chemical potential, tot /e Nw w , vanishes, and we arrive at the 
equibrium equation Eq. (10). Thus, in this case, the specimen is permanently situated in the state of the "chemical" 
equilibrium. 
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5. The full dynamics system for the engineering mechanochemical model of damage 
In order to get a closed self-consistent mechanochemical model of damage we need also the momentum equation. In the 
simplest case, it can be chosen in the standard form 
            2 tot
2
,
x
u x t em
t x u
w ww w w w      (13) 
where the constant m is the mass density (mass per unit rod length in 1-D). 
The equations Eq. (11), Eq. (13) comprise the full, self-consistent engineering model of mechanochemistry of damage. 
This is a system of two equations with two unknown functions  ,u x t  and  ,x tN . This is a special 1-D case of much 
more general 3-D system derived in [1-3]. 
For the energy density of the ePMD this system can be rewritten as follows 
        2int,
2 x
x t
K b u
t
N O DNw § ·  ¨ ¸w © ¹      (14) 
         2 int2 , 1 xu x tm ut x DN O
w w w w      (15) 
The engineering master system Eqs. (14,15) should be supplied with the appropriate initial and boundary conditions. 
6. Static solutions in the engineering PMD (instantaneous kinetics) 
The case of a static system  / 0u tw w { , in which inertial forces are negligible and damage is fixed, is particularly 
simple for the analysis in the framework of the ePMD model. The Eq. (14), Eq. (15) reduce to 
     2 2int 10 or
2 2
b O DN H DH N   *      (16) 
               int1 p constDN O H        (17) 
where p  is the (uniform) axial "force".  For the boundary conditions with fixed displacements at the edges Eq. (1) we can 
immediately calculate the deformation /rU LH  . Then, the damage parameter N is given by the 
relationship 2 2int / 2 / 2bN O DH DH  * .  For the boundary conditions Eq. (1), the equilibrium solution always exists. But, is 
this solution always stable? First, we have to verify the stability conditions Eq. (8), implying 2int / 2 1bO DH  . Thus, it is 
stable only for sufficiently small displacements 2
crit1
2H H , where 2
crit1
2 2
int2 / 2 / .bH O D D  *  
The equilibrium damage 
crit1
N at 2
crit1
H is given by the formula
crit1
1/N D . For this solution we arrive at the second 
inequality  2 2 2 21 / 2 0D H D H*  *  t , which can be rewritten as 2crit12 / 3H H . Thus, we arrive at the following stability 
condition 
2
crit2
2H H , where the second critical deformation is defined as
crit2 crit1
/ 3H H . According to the last inequality, 
the equilibrium configuration becomes unstable well before the current modulus of elasticity   int1 DN O  vanishes. 
What is the physical meaning of the stability condition 
2
crit1
2 / 3H H and of second critical 
crit2
H , in particular? To address 
this question, let us eliminate the damage parameter N  between equations Eq. (16) and Eq. (17). Then, we arrive at the 
following relationship between the deformation H  and the axial force p: 
2
2
int 1 2
p DO H H§ · ¨ ¸*© ¹
      (18) 
In terms of the non-dimensional parameters int int/ , /p bO O3 { * { the relationship Eq. (18) can be rewritten as  2 22 / 2D H H3  * * . The graph of  H3 is shown in fig. 4.  
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Fig. 4. The graph of  H3 for 2 / 2 100D *  . Note that 
crit2
H  represent the limits on stable deformation response, whereas mathematical solutions beyond 
crit1
H r  represent nonphysical solutions. 
 
The non-dimensional axial force  H3  as function of H achieves maximum at H  , such that 
2 2
crit1 crit2
2 22 / 3 / 3H D H H  *   . 
Thus, the 2
crit2
H is the strain value at which the equilibrium stress achieves its maximum. We remind the reader that this 
maximum appears in the case of the instantaneous kinetics case. It does not exist in the case of the zero rate of kinetics.  The 
maximum force max3 is equal to    2crit2 crit2 crit2 3/ 22max 2 / 2 2 / 3 2 / 3 /D H H H D3  * *   * . The critical damage crit2N  
(i.e., the equilibrium damage at 
crit2
H ) is given by the formula 2
crit2 crit2
/ 2N DH *   
crit1
1/ 3 / 3.D N  
It should be noted that the regions of fig. 4 that are drawn green and purple represent a traditional stress-strain curve that 
includes a failure region with the resulting stress collapse.  However, unlike traditional continuum mechanics approaches 
used to create a constitutive stress and strain relationship, a thermodynamic approach that considers the competition 
between stored elastic energy and the chemical bond energy associated with material damage was used to create fig. 4.  In 
this case, the purple region is the zone of destabilization (i.e., material strength instability).  Details of the various regions in 
fig. 4 are now examined.    
7.  Summary of the instantaneous kinetics analysis in the engineering PMD 
Per Grinfeld [1], the possibility of different bulk instabilities is the heart of the broader PMD theory. In the "vanishing" 
kinetics regime though, no material destabilization is possible in the framework of this current engineering PMD. In the case 
of the instantaneous kinetics of damage, several specific mechanochemical instabilities (but not all of them) show up in the 
engineering PMD theory. For instance, in view of the condition 2 2/e b constNw w   , the chemical destabilization is 
impossible: the target material is either chemically stable or unstable. Since the engineering PMD theory is one-
dimensional, the 2-D instability effects cannot be analyzed in the framework of this theory. Nonetheless, several 
destabilization effects are still possible in the framework of the engineering PMD. 
First of all, the hyperbolic destabilization (i.e., the vanishing of the actual elastic modulus) occurs at 
crit1
1/N N D   if  
1D ! . It will happen at the deformation 
crit1
2 /H H D  *  if  1D ! , along with the vanishing of  p . Several events can 
precede achievement of this deformation 
crit1
H . In the graph of  H3  (fig 4), the points 
crit1
| |Hr  correspond the 
intersections of the cubic parabola with the H -axis (strain).  When loading of the rod begins with 0H  , we first reach the 
second critical value 
crit1
2 / 3 / / 3D H*  . The corresponding critical value of the damage parameter 
crit2
N  is given by the 
formula 
crit2 crit1
3 / / 3N D N  . At this state, the axial force p achieves the highest possible value in the regime of 
instantaneous kinetics: 
crit2max int
2 / 3p O H . This value maxp is equal to 2/3 of the value that would be achieved at crit2H H in 
the absence of damage. 
Because p is a function of both N and D, with N (i.e., damage) limited to a value of 1, the functionally valid domain of 
strain (H, as per Fig. 4) can change depending on the value of the D parameter.  Key ranges of the D parameter that bring 
about added restrictions in the domain of H are 0 < D < 1/ , for which no material destabilization occurs, and 1/  < D < 1, 
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for which a maximum is reached in the p value over the domain, but for which hyperbolic destabilization (wherein the 
effective modulus vanishes) is avoided. 
 
8.  Conclusion 
 
A unique approach to explain brittle target material failure during high speed projectile impact is developed using a 
thermodynamic approach that considers the competition between stored elastic energy and the chemical bond energy 
associated with material damage.  Mathematical domains of stable and unstable behaviour are established using the simplest 
analytical forms for elastic and chemical energy densities along with a continuum theory of damage notion.  A stress-strain 
curve depicting zones of stable and unstable target response results naturally from the model and the conditions necessary to 
exist within each response domain were explored.  Results from this engineering-level one-dimensional model suggest that 
for a purely axisymmetric impact configuration, non-axisymmetric damage and failure can occur not only because of 
material property variations or numerical rounding errors (for the case of computational simulations), but also due to an 
inherent instability that occurs as a result of competition between elastic energy density and the energy associated with 
material chemical bonds breaking during the ballistic impact process.  
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